
Intro q-analogues Slice filtration Computations

A slice refinement of Bökstedt periodicity

Yuri Sulyma

Brown University

March 3, 2020

Yuri Sulyma A slice refinement of Bökstedt periodicity



Intro q-analogues Slice filtration Computations

Motivation

BMS constructed filtration on THH and friends, used to build
prismatic cohomology �̂ + Nygaard filtration N≥•�̂.

Method: descend to perfectoid rings; locally given by Postnikov
filtration; Bökstedt periodic:

π∗THH(R;Zp) = R[σ], |σ| = 2

Hill: what if we replace Postnikov filtration by (regular) slice
filtration of ESHT?

Filtration Equivariance
BMS non-equivariant

Slice T-equivariant (“cyclonic”)
Antieau-Nikolaus cyclotomic

local calculation: P•THH(R;Zp) for R perfectoid
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Intro q-analogues Slice filtration Computations

Theorem (S.)

Let R be a perfectoid ring. The slice covers/slices of THH of R are

P2nTHH(R;Zp) = Σ[n]λTHH(R;Zp)

P2n
2nTHH(R;Zp) = Σ{n}λ trn W

where

[n]λ is (a T-repn restricting to) C⊗R ρCn ;

{n}λ is (a T-repn restricting to) C⊗R ρ̄Cn+1 ;

W = π0THH(R;Zp) is the Mackey functor of Witt vectors;

trn W is the subMackey functor of W generated under
transfers by restriction to Cpvp(n) .

If R is p-torsionfree, the RSSS collapses at E2.
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

Definition

The q-analogue of n is

[n]q :=
qn − 1

q − 1
= 1 + · · ·+ qn−1 ∈ Z[q]

Example (Varieties over finite fields)

Setting q = pf ,

#Pn−1(Fq) = [n]q

[n]q! = [1]q · · · [n]q(
n

k

)
q

=
[n]q!

[k]q![n − k]q!

# Grk(An)(Fq) =

(
n

k

)
q
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

q-analogues have action of Frobenius:

φ(q) = qp

φ(f ) = f (qp)

= f p + pδ(f )

φ([n]q) = [n]qp

q-analogues are φ-semimultiplicative:

[p3]q =
qp

3 − 1

q − 1

=
qp − 1

q − 1

qp
2 − 1

qp − 1

qp
3 − 1

qp2 − 1

= [p]qφ([p]q)φ2([p]q)
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

Roots of unity

Observation: [p]q is the minimal polynomial of ζp.

Z[ζp] =
Z[q]

[p]q
and more generally Z[ζpn ] =

Z[q]

φn−1([p]q)

Take perfection:

Z[q]

��

φ // Z[q]

��

φ // · · ·

��

// Z[q1/p∞ ]

��
Z[ζp] // Z[ζp2 ] // · · · // Z[ζp∞ ]
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

Witt vectors

Let

A = Zp[q1/p∞ ]∧(p,q−1)

R = Zp[ζ∞p ]∧p = A/[p]q

Theorem

A/[pn]q
∼−→Wn(R) (A-linear wrt F maps)

A/[pn]q1/pn
∼−→Wn(R) (A-linear wrt R maps)
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

Notation

Normalization

In p-adic Hodge theory, q is a p-adic analogue of “e2πi”, so we will
actually take R = A/[p]q1/p .

From now on:

R = Zp[ζp∞ ]∧p or a perfect Fp-algebra k

A = Zp[q1/p∞ ]∧(p,q−1) or W (k)

[pn]A = [pn]q1/p or pn

T{HH,C−,P,C,F,R} = T{HH,C−,P,F,R}(R;Zp)
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

Prism condition

Recall
φ(f ) = f p + pδ(f )

Theorem (Prism condition)

δ([p]A) is a unit of A.

Proof.

By (q − 1)-completeness, it suffices to check δ(p) ∈ Z×p . But

δ(p) = 1− pp−1 ∈ Z×p .
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

Geometric interpretation of the prism condition

Algebraically,
p ∈ ([p]A, φ([p]A))

Geometrically,

V ([p]A) ∩ V (φ([p]A)) ⊂ V (p)

SpecAV (p)

V ([p]A)

V (φ([p]A))

V (φ2([p]A))

V (φ3([p]A))

V (φ4([p]A))

. . .
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

Equivariant interpretation of the prism condition

...

��
A/[p3]A

1
��

[[

A/[p2]A

1
��

φ2([p]A)

YY

A/[p]A

φ([p]A)

YY

Define a Mackey functor W by

W (T/Cpn) = A/[pn+1]A, tr
Cpm

Cpn
(x) =

[pm+1]

[pn+1]
x

To get a valid Mackey functor we need

Proposition

For i ≤ j there is a congruence

φi ([pj−i ]A) ≡ upj−i mod [pi ]A

for some unit u ∈ A×.

and this is an elaboration of the prism condition.
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

Legendre’s formula

Proposition (Legendre).

The p-adic valuation of a factorial is given by

vp(n!) =
∞∑
r=1

⌊
n

pr

⌋
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

q-Legendre formula

Recall
[n]q! := [1]q[2]q · · · [n]q

Lemma (Anschütz–le-Bras)

[n]q! = u
∞∏
r=1

φr−1([p]q)bn/p
r c

= u
∞∏
r=1

[pr ]
bn/pr c−bn/pr+1c
q

for some unit u ∈ Zp[[q − 1]]×.
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Lemma (Anschütz–le-Bras)

[n]q! = u
∞∏
r=1

φr−1([p]q)bn/p
r c

= u
∞∏
r=1

[pr ]
bn/pr c−bn/pr+1c
q

for some unit u ∈ Zp[[q − 1]]×.

Yuri Sulyma A slice refinement of Bökstedt periodicity



Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗
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Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗

Circle representations

Complex representations of T are

R(T) = Z[λ±]

where λi = C with z ∈ T acting as z i .

In this context, the
λ-analogue of n is

[n]λ = λ0 + λ1 + . . .+ λn−1

This is a regular representation:

ResTCn
[n]λ = C[Cn] = IndCn

e C

We also set

{n}λ = λ1 + . . .+ λn

ResTCn+1
{n}λ = C⊗R ρ̄Cn+1
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Circle representations

Complex representations of T are

R(T) = Z[λ±]

where λi = C with z ∈ T acting as z i . In this context, the
λ-analogue of n is

[n]λ = λ0 + λ1 + . . .+ λn−1

This is a regular representation:

ResTCn
[n]λ = C[Cn] = IndCn

e C

We also set

{n}λ = λ1 + . . .+ λn

ResTCn+1
{n}λ = C⊗R ρ̄Cn+1

Yuri Sulyma A slice refinement of Bökstedt periodicity



Intro q-analogues Slice filtration Computations Generalities Perfectoids Legendre Representations Ĥ∗
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When working p-locally we have Sλ
i ' Sλ

j
iff vp(i) = vp(j), so it

suffices to consider

λi := λp
i

i = 0, 1, . . .

λ∞ := λ0 (trivial complex repn)

Given α ∈ R(T), define

dr (α) = dimC(αCpr )

If

α = k0λ0 + . . .+ knλn + k∞λ∞

then

dr (α) =
∑
i≥r

ki (includes i =∞)

kr (α) = dr (α)− dr+1(α)
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Observation

Decomposing {n}λ as
∑

krλr is equivalent to factoring [n]A!.

Same idea as q-Legendre formula gives

kr ({n}λ) =
⌊

n
pr

⌋
−
⌊

n
pr+1

⌋
dr ({n}λ) =

⌊
n
pr

⌋
kr ([n]λ) =

⌈
n
pr

⌉
−
⌈

n
pr+1

⌉
dr ([n]λ) =

⌈
n
pr

⌉

A useful formula is ⌈
n

pr

⌉
− 1 =

⌊
n − 1

pr

⌋
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Tate cohomology

Z[[q − 1]]→ Z[q]

qn − 1
= Z[Cn]

trCn
e (1) = [n]q

Slogan

A q-deformation is a deformation from a trivial action to a
nontrivial action. Multiplication by n gets deformed to a transfer
for a subgroup of index n. (Note p = 0 ⇐⇒ ζp = 1.)
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Intro q-analogues Slice filtration Computations

Slice filtration

Let G be a finite group.

The slice n-cells are the spectra ↑GH SkρH , where k|H| = n.

Y is slice n-connective, or ≥ n, if built from slice (≥ n)-cells

X is slice n-truncated, or ≤ n, if [Y ,X ] = 0 for all Y ≥ n + 1

Cofiber sequence:

PnX → X → Pn−1X

and the n-slice of X is

Pn
nX = PnPnX = PnPnX

When G = T (or Cp∞), we interpret the slice filtration so that
it restricts to the slice filtration for all finite subgroups.
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Intro q-analogues Slice filtration Computations

Slice filtration

How to work with this?

Hill-Yarnall: X is slice n-connective if and only if

ΦHX is

⌈
n

|H|

⌉
-connective for all H ≤ G

In our case: X is slice n-connective if and only if

ΦC
pkX is

⌈
n

pk

⌉
-connective for all k

Wilson: recipe to compute Pn
nX ; identification of category of

n-slices with an algebraic category

recognition criterion for slice tower
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Intro q-analogues Slice filtration Computations Ansatz RO(T) tools Proof Filtration

Computational facts

TF∗ = A[σ] TF∗ = A[t−1]

TC−∗ =
A[σ, t]

σt − [p]A
TP∗ = A[t±]

can(σ) = [p]At
−1 ϕ(σ) = t−1

can(t) = t ϕ(t) = φ([p]A)t

TRn+1
∗ =

A[σ]

[pn+1]A
TRn
∗ =

A[t−1]

[pn]A

π∗THHhCpn =
A[σ, t]

σt − [p]A, φ([pn]A)t
π∗THHtCpn =

A[t±]

φ([pn]A)
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Intro q-analogues Slice filtration Computations Ansatz RO(T) tools Proof Filtration

By Bökstedt periodicity, the Whitehead tower of THH is

Σ4THH

σ

��
Σ2THH

σ

��
THH

Guess

P2nTHH = ΣVnTHH, Vn ∈ R(T), dimC Vn = n

connected by R(T)-graded classes which reduce to σ.
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Intro q-analogues Slice filtration Computations Ansatz RO(T) tools Proof Filtration

Example with p = 3.

2n Vn

⌈
2n
1

⌉ ⌈
2n
3

⌉ ⌈
2n
9

⌉
. . .

2

λ∞

2 1 1 . . .
4

λ0 + λ∞

4 2 1 . . .
6

2λ0 + λ∞

6 2 1 . . .
8

2λ0 + λ1 + λ∞

8 3 1 . . .
10

3λ0 + λ1 + λ∞

10 4 1 . . .

Notice

λ∞ = λ0

λ0 + λ∞ = λ0 + λ1

2λ0 + λ∞ = λ0 + λ1 + λ2

2λ0 + λ1 + λ∞ = λ0 + λ1 + λ2 + λ3

. . .

Vn = [n]λ
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Theorem (S.)

The slice covers of THH are given by

P2nTHH = Σ[n]λTHH

To prove this:

1 Show Σ[n]λTHH ≥ 2n.

X

2 Produce maps Σ[n+1]λTHH→ Σ[n]λTHH.

3 Show cofibers are ≤ 2n.

4 Show cofibers are ≥ 2n.
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Euler classes

Let V be a G -representation. Inclusion of zero subspace gives

aV : S0 → SV

with degree aV ∈ πG−VS.

Properties:

aV = 0 ⇐⇒ V G 6= 0

aV kills transfers from GV

aV is killed by restriction to GV

when G = T, S∞λ0 = ẼT, so

isotropy separation square = arithmetic square for aλ0.
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Cell structures

Cell structures: for G = Cpn ,

S0 //S� //

��

Sλr

��
S1 ⊗ G/Cpr+

//(. . . )

��
S2 ⊗ G/Cpr+

Hill: for G = T,
T/Cpr+

//S0

aλr
��

Sλr
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Thom classes

Borel homotopy depends only on coarse equivariance:

H∗(T, πeFTHH)⇒ TC−F

Non-equivariant orientation Σ|V |THHe ∼−→ΣVTHHe gives

u±V ∈ TC−|V |−V

Similarly for THHhT and TP; expresses that RO(T)-grading is not
a thing for coarse G -spectra.
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Isotropy separation revisited

ΣXh
// X //

��

XΦ

��
ΣXh

// X h // X t

aλ0-periodic, uλi -periodic

Proposition (HHR.; “gold relation”)

For i ≤ j ,
aλjuλi = pj−iaλiuλj in πFZ
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Tsalidis’ theorem =⇒ TFλi
∼−→TC−λi = A〈σu−1

λi
〉.

But cell structure T/Cpi+ → S0 → Sλi gives

0 // TFλi
aλi // TF0

// TRi+1
0

// 0

Lemma (S.; “q-gold relations”)

σaλi = [pi+1]Auλi

and for i ≤ j ,

aλjuλi =
[pj+1]A
[pi+1]A

aλiuλj

= tr
C
pj

C
pi

(1)aλiuλj

= φi+1([pj−i ]A)aλiuλj
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Proposition

For j < n,

TRn+1
λj−∗ = tr

Cpn

C
pj

(1)u−1
λj

σu−1
λj

σ2u−1
λj

σ3u−1
λj

. . .

∗ = −2 0 2 4 . . .

Proof.

Blue classes predicted by Tsalidis’ theorem. For ∗ = −2, Cpn cell
structure gives

0 // TRj+1
0

V n−j
// TRn+1

λj−2

aλj // TRn+1
−2

F n−j
// TRj+1

−2

0 0
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Let trn W be the subMackey functor of W generated by ↓TCpn
W ,

and let ΦnW be the cofiber:

trn W →W → ΦnW

Example

0 //

��

A/[p]A

p

��

φ([p2]A) // A/[p3]A

1

��

// A/φ([p2]A)

1

��

// 0

��
0 //

WW

��

A/[p]A

p

��

1

VV

φ([p]A) // A/[p2]A

1

��

φ2([p]A)

VV

// A/φ([p]A)

��

φ2([p]A)

VV

// 0

WW

��
0

XX

// A/[p]A

1

WW

1
// A/[p]A

φ([p]A)

WW

// 0

WW

// 0

XX

0 // tre W // W // ΦeW // 0
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2 Previous proposition gives cofiber sequence

Σλ∞THH
σu−1
λn−−−→ Σλ∞−λnTHH→ trn W

Applying Σ{n}λ(−) gives

P2n+2THH→ P2nTHH→ Σ{n}λ trn W X

3 For any Mackey functor M, Σ{n}λM ≤ 2n. X
4 Connectivity: with p = 3, then for example

ΦCp(P4
4THH) = ΦCp(S2λ0 ⊗ tr0 W )

= ΦCp(tr0 W )

= 0 X
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Proposition. (S.)

The region of TFF where F = k − V is an integer minus an
actual representation is given by

TFF =
A[σ, aλi , uλi ]

∼

Example

TF4 = A〈σ2〉
TF4−λ1 = A〈σuλ1〉

TF4−λ0−λ1 = A〈uλ0uλ1〉
TF4−2λ0−λ1 = A〈aλ0uλ0uλ1〉

This refines results of Hesselholt-Madsen / Angeltveit-Gerhardt.

Yuri Sulyma A slice refinement of Bökstedt periodicity



Intro q-analogues Slice filtration Computations Ansatz RO(T) tools Proof Filtration

Proposition. (S.)

The region of TFF where F = k − V is an integer minus an
actual representation is given by

TFF =
A[σ, aλi , uλi ]

∼

Example

TF4 = A〈σ2〉
TF4−λ1 = A〈σuλ1〉

TF4−λ0−λ1 = A〈uλ0uλ1〉
TF4−2λ0−λ1 = A〈aλ0uλ0uλ1〉

This refines results of Hesselholt-Madsen / Angeltveit-Gerhardt.

Yuri Sulyma A slice refinement of Bökstedt periodicity



Intro q-analogues Slice filtration Computations Ansatz RO(T) tools Proof Filtration

Proposition. (S.)

The region of TFF where F = k − V is an integer minus an
actual representation is given by

TFF =
A[σ, aλi , uλi ]

∼

Example

TF4 = A〈σ2〉
TF4−λ1 = A〈σuλ1〉

TF4−λ0−λ1 = A〈uλ0uλ1〉
TF4−2λ0−λ1 = A〈aλ0uλ0uλ1〉

This refines results of Hesselholt-Madsen / Angeltveit-Gerhardt.

Yuri Sulyma A slice refinement of Bökstedt periodicity



Intro q-analogues Slice filtration Computations Ansatz RO(T) tools Proof Filtration

The slice filtration

Slice filtration is

F2j π2iTHH = im(π2iP2(i+j)THH
σnu−1
{n}λ−−−−−→ π2iTHH)

q-Legendre formula implies

σna{n}λu
−1
{n}λ = [pn]A!

so
F2j π2THH = [pj ]A!π2THH
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Theorem (S.)

The regular slice filtration on THH takes the following form.

When j ≤ 0 or i = 0, F2j π2iTHH is all of π2iTHH.

Otherwise,

F2j π2iTHH =
[p(i + j − 1)]A!

[pr ]i−1
A φr

([⌊
i+j−1
pr

⌋]
A

!
)π2iTHH.

where r =
⌈

logp

(
i+j
i

)⌉
.
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E2 page of the slice spectral sequence:

π2iP
2n
2nTHH =


W 0 = i = n

R 0 < i = n

ΦCpmW /[ph+1]A 0 < i < n

where

m =
⌈
logp(n/i)

⌉
− 1

h =

{
min{vp(n),

⌊
logp(n/i)

⌋
} n/i not a power of p⌊

logp(n/i)
⌋

n/i a power of p

If R is a perfect Fp-algebra, then

π2i+1P2n
2nTHH(R;Zp) =

{
trC

pm+h+1
ΦCpmW n/i not a power of p

trC
pm+h+1

ΦCpm+1W n/i a power of p

Yuri Sulyma A slice refinement of Bökstedt periodicity

https://www.math.brown.edu/~ysulyma/slice-thh/


Intro q-analogues Slice filtration Computations Ansatz RO(T) tools Proof Filtration

E2 page of the slice spectral sequence:

π2iP
2n
2nTHH =


W 0 = i = n

R 0 < i = n

ΦCpmW /[ph+1]A 0 < i < n

where

m =
⌈
logp(n/i)

⌉
− 1

h =

{
min{vp(n),

⌊
logp(n/i)

⌋
} n/i not a power of p⌊

logp(n/i)
⌋

n/i a power of p

If R is a perfect Fp-algebra, then

π2i+1P2n
2nTHH(R;Zp) =

{
trC

pm+h+1
ΦCpmW n/i not a power of p

trC
pm+h+1

ΦCpm+1W n/i a power of p

Yuri Sulyma A slice refinement of Bökstedt periodicity

https://www.math.brown.edu/~ysulyma/slice-thh/


Intro q-analogues Slice filtration Computations Ansatz RO(T) tools Proof Filtration

E2 page of the slice spectral sequence:

π2iP
2n
2nTHH =


W 0 = i = n

R 0 < i = n

ΦCpmW /[ph+1]A 0 < i < n

where

m =
⌈
logp(n/i)

⌉
− 1

h =

{
min{vp(n),

⌊
logp(n/i)

⌋
} n/i not a power of p⌊

logp(n/i)
⌋

n/i a power of p

If R is a perfect Fp-algebra, then

π2i+1P2n
2nTHH(R;Zp) =

{
trC

pm+h+1
ΦCpmW n/i not a power of p

trC
pm+h+1

ΦCpm+1W n/i a power of p

Yuri Sulyma A slice refinement of Bökstedt periodicity

https://www.math.brown.edu/~ysulyma/slice-thh/


Intro q-analogues Slice filtration Computations Ansatz RO(T) tools Proof Filtration

E2 page of the RSSS for THH(Zcycl
2 ;Z2)
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E2 page of the RSSS for THH(Zcycl
3 ;Z3)
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Further questions

1 What happens for THR?

2 Antieau-Nikolaus πcyc∗ essentially equivalent to π∗TR. Does
P∗∗TR or TRF correspond to something?

3 What does Wilson theory look like?

4 Is Anschütz-le Bras’ use of q-factorials related to ours?
5 Generalizations

1 modules in CycSp
2 Breuil-Kisin prism?
3 THH(Z)?

6 TF?
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4 Is Anschütz-le Bras’ use of q-factorials related to ours?
5 Generalizations

1 modules in CycSp
2 Breuil-Kisin prism?
3 THH(Z)?

6 TF?

Yuri Sulyma A slice refinement of Bökstedt periodicity



Intro q-analogues Slice filtration Computations Ansatz RO(T) tools Proof Filtration

Further questions

1 What happens for THR?

2 Antieau-Nikolaus πcyc∗ essentially equivalent to π∗TR. Does
P∗∗TR or TRF correspond to something?

3 What does Wilson theory look like?
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